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ABSTRACTw�xMh�kvkvegimeM~ª~�h�k,hDy{o/kvegimfJqj��h�kvy{qjo«hjoC~ªhjf�f�imqb¦�y�l¢h�kmy�qto
f�imqj���{egl¢p hjivy�pve�y{onl¢h}o1�Xhjf�f��{y{xMh�kvy{qjoEpg¬�w1��eMfCh}i,~T p�lnezkv�Cq1~
r®qji�xzqtoCp4kmivuEx¯kvy{o��+�t��qt�Ch}�9y�o/kveMivfJqj��h}o/k,p¢�1�"���{egoE~�y�oC�°�{q1xMh}�
y{otkmegimfEqt�{hjo/kmp�uCp:y{o��7��q�xMh}�{���/�@p:u�fCfEqti:kmeM~²±�egy{�j�/kr®u�oCx¯kmy�qtoCp
uCpvuCh}�{�{��xgive�h�kve�p;imeMhtp:qtoCh}���{e|h}fCf�ivqb¦�y{l¢h�kvy{qjoEpg¬;£���y�p9fCh}fJegi
~�e�pvxgivy{�Ee�p w�³#´0���Tµ#s�¤n�}h¥¶�qti:kmimhjo	©/·9fChjx,��h}�te�xgqjo/kmhjy�oCy�o��
¸ �te2�jegi,pvy�qtoCp�q}r&kv��e�l	q�~�y ¸ e�~�w1��egfEh}i,~�hj���tqjimy¹km��l�¬�£���e�p:e
¸ �teX�tegi,p:y{qjoCp#y�oExz�{uC~�enºtuEhj~�i,h�kmy{x.»¼£#½A�¾w¾µ;�{�jqjimy�kv��l¿�j�t���
�j�C�j�}hjoC~n¨}©jÀ/Á¯�}xzuC��y{x¥»Â£#½A�¾w�µ#���tqjimy¹km��l_¨}©j�tÁz�}h}oC~X�{y�o�e�h}i
��h}imy{h}kvy{qjoCp0q}rÃkv��e¥qtivy{�jy{oCh}�Bw1�CegfChjim~.h}�{�jqjimy�kv��l�¬(£���e¥lnhjy�o
�jq/h}��qjr2w�³9´��0�Tµ#s�¤¿y{p¢kvq+f�imq��1y{~�e�uCpvegi,pn±�y�kv�Äh+pvy�o��t��e
xzqtoCpvy{p:kveMotk�fChtx,��h}�je¥xzqtoCpvy{p:kvy{o��nq}r�h}�{�Tez¦�y�p4kmy�o��¢fJqj�{�1o�qjlny�h}�
��h}imy{h}kvy{qjoCpÅqjr+w���egfChjim~B p�hj���tqjimy¹km��l�¬ £���e�h}�{�jqtivy�kv��l¢p
kmhjiv�tezk�~�h�k,h|q}r�~�y¹Æ^egimego/k�~�y�lneMoCp:y{qjoEpg¬�£���eA��y{o�e�h}i�w1��egfEh}i,~
h}�{�jqtivy�kv�Cl�y�pQkv�CeÇqjo��{�Èh}�{�jqjimy�kv��lÉy�oÈkm��eÇfChtx,�bhj�jeÊkm�Ch�k
y�p�h}f�fC��y�xghj����eËkmqÌh}im��y�kvi,h}im�Í~�y{l	eMoCpvy�qtoCh}�Ç~�h}kmhC¬ £���e
lnq}kmy���h�kmy�qto�y�p;kmq.eMoCh}���{e�imeMpveMhjimx,�Cegi,p�kvqÎeg¦�fEeMivy{lnego/kA±�y�kv�
~�y�ÆJeMiveMo/k9h}�{�jqtivy�kv��l¢p�uCpvy{o��nkv��eMy�iA~�h�k,h¢h}oC~�pveg�{eMxzk#qjo�e\»¼qji
lnqjime�Á�kv�Ch}k�y�p��JeMp:k�p:u�y�kve�~¢kmq|kv�Cegy{i�oCegeM~Cpg��h}oE~nkvq	p:u�fCfEqti:k
y{otkmegimfEqt�{h}kvy{qjo.r®qji;pvfCh}i,pvej�1��y{�j�Q~�y{l	eMoCpvy�qtoCh}�B~�h}kmhnpvezkmpM¬

1. INTRODUCTION�@o/kveMivfJqj��h�kmy�qto�fCivqt����eMl¢p|h}imy{pve	y�o+l¢h}o1�¾hjive�hjp¥±���eMive
kv�Cegime	y�p2h.o�ege�~�kmq�xgqjoCp:kvimuCxzk2h�xzqto/kvy{o/uCqjuCp¥pvu�i:r¼htxzeXr®ivqtl
y{ivimeg�tu��{hjiv�{��pvfChtxzeM~D~�h�k,hÄfJqjy{otk,pg¬Ï£���e�p:eÐh}imeMhtp�y{oCxz�{uC~�e
xghji:kmqj�timhjf��1�j���tegqtf��1�1pvy�xgpM�7~�h}kmhÑlny�oCy�o��E�²ego��ty�oCegegimy{o��C�
lnezkmegqjimqj�{qj�t�j�+��h}oC~CpvxMh}fJe�e�xzqj�{qj�t�j�Çxgqjlnf�u�kmegiÈ�ji,h}f��Cy{xMpg�
h}oE~Dpmxzy{ego/kvy ¸ x"�/y�pvuCh}�{y�Ò�h�kmy�qtoB¬Ó£��Ce"f�imqj�C��eMlÔy{p�kvq ¸ oC~
hÕp:uCi:r¼htxze�kv�Ch}kDh}f�f�imqb¦�y�l¢h}kveMp7hÖr®u�oCxzkvy{qjo×~�e ¸ oCeM~Ñy�o
Ø �O~�y{lnegoCpvy{qjoChj�Îp:fEhjxze�ÙAÚ��Îr®imqjlÛh ¸ oCy¹kme�p:egk°q}r¾~Ch�kmh
fJqjy{otk,pg¬

s0u�imimego/kv�{�j�Ãkv��eMive�h}ime\hQo1u�l��JegiXq}r#pvqj�{u�kvy{qjoEp¥kvq¾kv��e
pmxgh�kvkveMive�~�~�h}kmhÐy{otkmegimfEqt�{h}kvy{qjo7f�imqj���{egl�¬¿£���e+x,��qjy�xzeÊqjr
kv�Ce#y{otkmegimfEqt�{h}kvy{qjonkmeMx,��o�y�º/u�e9~�egfJegoC~�p0qjo\kv��eA~�y{p:kvimy{��u�kvy{qjo
q}rfEqty�o/k,pÅy�oÜkv�Ce�~�h�k,h�pvezk���h}fCf���y�xgh}kvy{qjoÕ~�qjl¢hjy�oB��h}f��
f�imqb¦�y�l¢h�kmy�oC�.r®uCoCx¯kmy�qtoB�Ãqti¥kv��eÎl	egkv��q�~km�Ch�k�y�p2f�imeg��hj��eMotk
y{o�km��eÄ~�y�pvxgy�fC��y{o�ej¬Ý£���eÄxzqtotkmivy{��u�kmy�qto�qjr.km��y�p+±0qtiv�²y�p
w�³9´����Tµ#s�¤n��h"pvq}rÞk4±�h}ime�fChtx,��h}�je¾y�o/kveMoC~�e�~Äkmq°f�imq��1y{~�e
uCpvegi,p�±�y¹km�ÈhÐpvy�o��t��e+xgqjoCpvy{p:kveMo/k�fChtx,��h}�jeq}rnh}�{�¥ez¦�y{p:kvy{o��
fJqj�{�/oCqjlny{hj�¢��h}imy{h}kvy{qjoCpq}rQw1��eMfCh}i,~T p+h}�{�jqjimy�kv��lÔf��{uCp+h
o�eM±��{y�oCeMh}i��tegi,p:y{qjoÎr®qji���y{�j��~�y{lnegoCpvy�qtoCh}�B~Ch�kmhC¬
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w�³#´0���Tµ#s�¤ßxzqtoCpvy{p:kmp�q}r ¸ �jeÊ~�y�ÆJeMiveMo/kQ¶Cqjivkvi,h}o�©/·
y{lnf��{eglnego/kmh}kvy{qjoCpÊqjr.km��eÅlnq1~�y ¸ e�~àw1��egfEh}i,~�hj���tqjimy¹km��l�¬
á w�³#´����}dX� á w�³#´0��§td�� hjoC~ á w�³#´0�0·}d¿hjiveQº/uCht~�imh}kvy�x
w���egfChjim~Õlnegkv��q�~�pM¬ á w�³#´0�0�jdãâ ä�ego���hC�Ð��©jÀtÀ}��å¾hjoC~
á w�³#´��0§jdæâ ä�eMo���h��¾��©jÀtÀjx¯åÎhjiveÄ~�y�imeMxzkÇkvi,h}oCpv��h�kvy{qjoEpÊq}r
km��e�qjimy��ty�oEh}�0£#½A��w°µ#���tqjimy¹km��l�� ±�ivy�k:kmego"y�oÅ¶�qti:kmimhjoÐ¨j¨��
~�eg�jeM��qtfEe�~Ë�1�_ä�eMo���hÈr®qji°k4±0qj�O~�y�lnegoEp:y{qjoChj�\h}oC~àkv��imegeg�
~�y�lnegoEp:y{qjoChj�&~Ch�kmhÎy�o/kmegimfEqt�{h}kvy{qjoB¬ á w�³#´0�0·jdª»¼~�eg�jeM��qtfEe�~
�1��0eMivim�"â��M©t©j©}å y�o"s�ç2çªhjp|hjoÊu�f��ji,hj~�e¢qjo á w�³#´0��§td
r®qti ¸ �jeg�O~�y�lnegoEp:y{qjoChj��y�o/kmegimfEqt�{h}kvy{qjoEÁ9�Chtp2�EeMegokvi,h}oEp:��h�kmeM~
kmq�¶Cqjivkvi,h}o+©t·�¬�s�w�³#´0�0�}dÖy�p�h�xgu���y�x.w1��eMfCh}i,~+lnezkm��q�~
hjoC~Çy�pnh}��p:qh�~�y�imeMxzkXkmimhjoCp:��h�kmy�qtoÇq}r#kv��e�qjimy{�jy{oCh}��£#½A�¾w
µ#���tqjimy¹km��l��T±�ivy�k:kmego�y�oÊ¶�qti:kmimhjo¨j¨��^~�eg�jeM��qtfEe�~��1��ä�eMo���h
â��M©t©j©th�åO¬ èÃw�³#´��éy�p�hË�{y{o�eMhji�w1��eMfCh}i,~Õy�o/kmegimfEqt�{h}kvy{qjo
lnegkv��q�~�r®qjiQh}im��y�kvi,h}im�Ð~�y{lnegoCpvy{qjoB¬ªê#q}kme�km�Ch�k�kv�CeoCeg±
xgq�~�e�è&w�³#´0��y�pÃkv��e�qjo��{�2qjoCe0qjr�kv��e ¸ �te kv�Eh�k�y{p(hjf�f��{y{xMh}���{e
kmq¢~�h�k,hnq}r&hjiv�Cy¹kmimhjiv�\~�y{lnegoCpvy{qjo ØÌë ·�¬

£���e|imegl¢h}y{o�y{o��\p:e�x¯kmy�qtoCp�q}r(km��e|fChjfEeMi#h}ime2qjim�thjo�y�ÒMeM~
htp�r®qt���{q�±;pg¬#w�eMx¯kmy�qto��nf�imeMpvego/k,p#pvqjlne�xzqtlnl	qtoQy�o/kmegimfEqt�{h}�
kmy�qto	kveMx,�Co�y{º/u�e�pg¬ w1e�x¯kmy�qton§¥fCive�p:eMotk,p�w1��eMfCh}i,~T p�h}�{�jqtivy�kv��l
hjoC~ìy¹k,p²ez¦�y�p4kmy�o��ÕfJqj�{�1o�qjlny�h}�+��h}imy{h}kvy{qjoCpM¬ w1eMxzkvy{qjoÑ�
fCive�p:eMotk,p�imeMpvu���kmpXr®qjiXk4±�q�pmh}lnf��{eÎkmeMp:kXr®u�oEx¯kvy{qjoEpXy{o���� §��
hjoC~�·n~�y�lneMoCp:y{qjoEpg¬�è�htp4km���t�Cw1eMxzkvy{qjo�·	xzqtoCxz�{uC~�e�pg¬

2. INTERPOLA TION TECHNIQ UESw1��egfEh}i,~�â¹��©j�jÀ}å f�imqjfJqtpveM~Êh}oÊy{otkmegimfEqt�{h}kvy{qjo+lnezkm��q�~
km�Ch�k+xzimeMh}kve�~�h�pvu�ivr¼hjxge°�Chtp:e�~²qjo_h�±�egy{�j�/kve�~�hb�jeMimhj�je
qjr.��h}�{u�e�ph}kÇ~�h�k,h�fJqjy{o/kmpM¬É£���eÅ±�egy{�j�/kÊr®u�oCxzkvy{qjo_±�htp
hjo�y{o1�jeMimpve�~�y�p:kmh}oExze�r®u�oCx¯kmy�qtoÈq}r�km��e+~�h�k,h°fJqjy{o/kmpM¬Üµ#���
lnegkv��q�~�p2qjr�kv��y�p¥k4�1fEe.xgh}o�Je\�1y�eM±0e�~htp¥�jeMo�egi,h}�{y�Ò�h�kmy�qtoCp
qjrQw���egfChjim~B plnezkm��q�~T¬æ�OkÇ±�hjp�{h}kveMiÊr®qju�oC~�km�Ch�k+km��y{p
r®qtivléqjr|±0eMy��t�tkÎr®u�oCx¯kmy�qto�htxgxzqtim~�eM~Ðkvq1q"l�uCx,�Äy{o�íCuCegoCxge
kmq"~�h}kmh°fEqty�o/kmp.km�Ch�k�±0eMive�r¼h}i�hb±�hb�°r®ivqtlékv��e�fEqty�o/k�q}r
hjf�f�imqb¦�y�l¢h�kmy�qtoB¬�¶�i,h}oC�je¾hjoC~Äê;eMy���pvqjo�â��M©jÀt��å¥~�eg�teg�{qjfJeM~
h×lnq�~�y ¸ xgh}kvy{qjoÏy{oÏ±���y�x,�ékv��eÌ±�egy{�j�/k«r®uCoCx¯kmy�qtoÏ±�htp
~�eMpvy��to�eM~nkmq��Chb�te#�{q�xgh}�^pvu�f�fJqjivk�h}oE~¢��q�xMh}�{y�ÒMeM~nkm��e9q��tegi,h}�{�
hjf�f�imqb¦�y�l¢h�kmy�qtoB¬B£���y�p�lnegkv��q�~|y�p&xgh}�{�{eM~Akv�Ce��{q1xMh}�/lnq1~�y ¸ e�~
w���egfChjim~7lnezkm��q�~T¬Ñw�eg�jeMimhj�¥�bhjivy�h�kmy�qtoCp�q}r	kv�CeÇlnq1~�y ¸ e�~
w���egfChjim~�h}�{�jqtivy�kv�Cl«�Chb�jeA�JegegoQ~�eM�jeM��qtfEe�~T¬

s0q/qtoCp�â��M©j�1¨�å\f�imqjfJqtpveM~_hÈlnezkm��q�~Dr®qti°~�e�pvxgivy{��y{o��
r®imegeËr®qtivl xzuCiv�teM~Ñp:u�ivr¼hjxgeMp²qjrÅhÕ�tegim�Í�tego�eMimhj�+�/y{oC~T¬
¶Cqj�{��q�±�y{o��Ükv�Cy{pD±0qtiv�^�Åê#�#ä#��wé»¼o�qjo1u�oCy¹r®qtivl imh}kvy{qjoChj�
�0�@p:fC��y{o�eMp,Á2±�egimeÎfCivqtfEq/p:e�~Ê�/�Ê��eMimpvf�imy��{��e.y�o��M©1¨}·�¬�£���eg�
hjive�hÇ�jeMo�egi,h}�{y{ÒMh�kmy�qtoÅq}r|kmegoCpvqji.f�ivq�~�uEx¯k��0�@p:fC��y{o�eMpM�#hjoC~
�Ehb�je�pveg�tegi,h}�TuCpvezr®u��(f�imqjfJegivkvy{eMp�kv�Ch}k9�Chb�te�xzqtotkmivy{��u�kmeM~�kmq
km��egy{i¢fJqjf�u���h}imy�k4�Çh}oC~°±�y{~�eQxgqjlnlnegi,xzy�h}��uCpvej¬"µ9pny�o"kv�Ce
xMhjpve�qjr�qji,~�y{oCh}im���0�Opvf��{y�o�e�pg�9kv�CeÊpvu�lîqjr�i,h�kvy{qjoEh}�¥�Chjpvy�p
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r®u�oCxzkvy{qjoCpqjr.ê#�9ä;��w�y�p¾e�º/uCh}�	kvq7u�o�y�k4�j¬î���È��h}im�1y�o��
kv�CeX�1o�qjkmpM�^ê9�#ä;��w�xghjo¾pvh}kvy�p4r®�QhÎ�bhjivy{ezk4��qjr0p:lnq1q}km��o�e�pvp
imeMº/u�y{iveMl	eMo/kmpM¬&�9p:y{o��Xê9�#ä;��w^�1y�k�y�p0fEq/pvpvy��C��e#kvq�imegfCive�p:eMotk
r®imege0r®qjiml�xzu�im�je�p�h}oE~�pvu�i:r¼htxze�pÃhtpÃ±�eg�{�1hjp(h}oChj���/kmy{x0p:u�ivr¼hjxgeMp
»¼pvuCx,�\htp�xzqto�y�xgp�hjoC~\º/uCht~�ivy�xgp,Á¯¬(µ���h}im�je���h}imy{ezk4�	q}r�pv�Ch}fJeMp
xghjo²�EeÅ~�e�p:y{�jo�e�~È�1�Èx,�Eh}o��ty�o��Åkm��e"xgq1qji,~�y�oEh�kve�p�qjr¢kv��e
xzqto/kvimqj��fJqjy{otk,pÎhjoC~"kv��e�±�egy{�j�/k,p\hjpmp:q�xgy{h}kveM~"±�y�kv�Åkv�Cegl�¬
w1eMeX� y{eg�t�0â��M©tÀj©jhC�B�M©tÀj©j��åBr®qjiAh\lnqjime�~�egkmhjy��{eM~�~�y{pmxzuCpmpvy�qto
q}r&kv�Ce2f�ivqtfEeMi:kmy�e�p�q}r�ê#�#ä#��wT¬

µîd#µ#s�´Ó»Â~�eMpvy{�jo«h}oE~_hjoCh}�{��p:y�pÊq}rQxzqtlnf�u�kveMiÇez¦1�
fJegimy�lnego/k,pmÁnlnq�~�eM�#y�p\h}o�y{o/kvegimfJqj��h�kvy{o��Êlnq�~�eg�9�ChjpveM~Ðqjo
��hb�je�p:y�h}oÍp:kmh}kvy�p4kmy{xMpg¬ �Ok²uCp:e�p�kv��eËf�imy�qti²~�y{p:kvimy{��u�kvy{qjo
lneMx,�Chjo�y�p:lïy�o���hb�teMpvy{hjo²p4k,h�kvy�p:kvy�xgp¾kv��imqju��t�²±���y�x,�²qjo�e
h}fCf���y{eMp&fChtp4k(ez¦�fJegimy�eMoCxze�pg���1o�q�±��{eM~��jej��hjoC~|y{o/kvu�y�kvy{qjo	±���ego
pvqj�{�/y{o��Äh�fCivqt����eMl�¬ì�@o�d;µ#s�´Ìl	q�~�eM�{pM�2km��e°u�oC�/oCq�±�o
r®u�oCxzkvy{qjoÇy�p2k4�1f�y�xghj���{�¾eg¦�f�ive�pvpveM~Êhtp¥kv��e�p:uClìqjr�h��/oCq�±�o
r®u�oCxzkvy{qjo¾hjoC~�hÎð¥hjuCpmp:y�h}o�i,h}oC~�qtlªr®uCoCx¯kmy�qtoB¬#£���eX�/oCq�±�o
r®u�oCxzkvy{qjo\y�p uEp:uChj���{�nh|xzqtoCp4k,h}o/kM�/±���y�x,�¢y{p�eMp:kvy{l¢h�kve�~¢�Chtp:e�~
qjo7qj�Ep:eMiv�teM~�ive�p:fJqjoCpve�bhj��uCeMpM¬Ì£���e°ð¥h}uCpmpvy{hjo�i,h}oC~�qjl
r®u�oCxzkvy{qjo�y�p\x,�Chjimhtx¯kveMivy{Òge�~°�1�Ðh+xzq���h}imy{hjoCxze�l¢h�kmivy�¦°km�Ch�k
~�eMfEeMoC~�p9qjoQh\xzqtivimeg��h�kmy�qtoÎr®uCoCx¯kmy�qto¾p:eM��e�x¯kmeM~��1�Îkm��e�uEp:eMiM¬
w1eMe"ðAu�y{otk,h²â¹��©j©1¨�å2r®qjihÅ�jq1q�~7q��jegim�1y�eM±Íqjrnd;µ#s�´#¬9µ
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£���e��µ#ä9w�»®lXu���kvy{�bhjivy�h�kme�ht~�h}f�kmy��te�imeg�jimeMpmpvy�qtoÐpvf��
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h}�{�jqtivy�kv�ClÖfChji:kmy¹kmy�qtoCp#kv��e	y�oCf�u�k|p:fEhjxzeXy�o/kmqÎimeg�jy{qjoEpg�JeMhtx,�
±�y�kv�Êy¹k,p¥q�±�o�imeg�tive�pvpvy{qjo�e�ºtuEh�kvy{qjo�¬X�Ok¥kv�Cego+xzqtoCp4kmivuEx¯kmp¥h
imeg��h�kvy{qjo.�Eegk4±0eMegoÎkv��e2f�imeM~�y{xzkvqji���h}imy{hj���{eMp�h}oC~.~�egfJegoE~�ego/k
��h}imy{hj���{eMpA»Þkv�Ce¥pvf��{y�oCe¥hjf�f�imqb¦�y�l¢h�kmy�qtoEÁ(r®imqjl«h	pvezk�q}rÃ�Ehjpvy{p
r®u�oCxzkvy{qjoCp�kv�Ch}k�h}ime7eMo/kvy{iveM���«�EhjpveM~ÖqjoÖkv��e²imeg�tive�pvpvy�qto
~�h}kmh�¬"�@o"�tego�eMimhj�Â� kv��e�kve�x,��o�y�º/u�e�y{p	fJqjf�u���h}in�JeMxMh}uCpve�y¹k
~�q1eMpo�qjkÊhtpvpvu�lne"hjo1�²fCh}ivkvy�xzu���h}i�k4�1fEeÐq}r.iveM�{h}kvy{qjoCpv��y{f
�Jezk4±�egego.f�imeM~�y�x¯kmqji�h}oC~.~�egfJegoE~�ego/k���h}imy{hj����e�pg��hjoC~¢km�/uEp0y�p
±�y�~�eg�{�¾h}fCf���y�xghj���{ej¬Xw1eMe¢¶�imy�e�~�l¢h}o"â��M©t©��gåÃr®qti¥h�xzqtlnf���egkve
~�e�pvxgivy{f�kvy{qjo�q}r���µ9ä#w^¬
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�Chtp:y�p;r®uCoCx¯kmy�qtoCpn»¼ä;��¶�Á¯¬T£���e	p:y{�jo�y ¸ xMh}oCxgeXh}oE~QuCpvezr®u��{o�eMpmp
q}rÇhjf�f�imqb¦1y{l¢h�kmy�qtoÜ�1�Õä;��¶òr®qj�{��q�±;pÅr®imqjlókv�Ce�kv�Cegqjim�
~�eM�jeg�{qjfJeM~�y�o¢w�x,��q1eMo/�Jegim�nâ¹��©j§jÀ}å�¬Ã£���e�fCh}fJegi��1�|�Qy�xgx,��eM���{y
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�1�Çä;��¶�¬(£��Cy{pXk4�1fEe�q}rAh}f�f�imqb¦�y�l¢h}kvy{qjo+±�qjim�1pX±�eg�{��±�y�kv�
pmxgh�kvkveMive�~\~�h�k,h|�JeMxMh}uCpve;km��e9y{o/kveMivfJqj��h}o/k�qto����¢~�eMfEeMoC~�p�qjo
kv�CeX~�y�p4k,h}oCxgeMp�r®imqjlÖkv�Ce�y{otkmegimfEqt�{h}kvy{qjo�fJqjy{otk,pg¬;µDfEqtf�u���h}i
x,��qty{xgeÊr®qji�h}oÈy{o/kvegimfJqj��h}o/kQr®u�oCxzkvy{qjo²y�p�hÅfEqt���1�Chjivlnqto�y{x
pvf���y{o�et��±���y�x,��y�p;~�eMivy{�je�~\r®imqjlÜhnp4kmivy�x¯km���.fEq/p:y�kvy{�je2~�e ¸ o�y�kve
r®u�oCxzkvy{qjoB¬¿�Qqtive+~�egkmhjy���pQh}�Jqju�k�km��ekv��eMqjim�Ä�EeM��y{oC~�kv��e
x,��qty{xge�qjr¾kv�Ce7y{o/kveMivfJqj��h}o/kÐr®u�oCx¯kmy�qto¿xgh}oÖ�EeÈr®qtu�oC~Öy�o
w1y{�Cpvqjo¢h}oC~¢w/kmqjo�eXâ¹��©j©��gå���±��Cq2qj��k,h}y{o�eM~	imeMpvu��¹k,p�uCpvy�oC�¥kv��e
kv�Cy�o��Of���h�kmeÇp:f��{y{o�eÊimht~�y{hj�¥�Chjpvy{x�r®u�oEx¯kvy{qjoEp�kvqt�jezkm��egiQ±�y�kv�
�{y�o�e�h}i�fJqj�{�1o�qjlny�h}��pg¬

µ;oÏez¦�xgeg�{��eMotk«pvqju�i,xzeÕqjr7lnq�~�egimoÏh}f�fCivqb¦�y{lnh}kvy{qjo
km��egqtiv�ày�p�s0��eMo�eg�ªhjoC~ªè�y��t�/k²â��M©t©j©}å���±���y�x,�Üxgqjo/kmhjy�oEp
imezr®eMiveMoCxze�pTr®qtiÃl¢h}o1�2~�y�ÆJeMiveMo/k&lnezkm��q�~�pÃq}rEhjf�f�imqb¦1y{l¢h�kmy�qtoB¬

3. SHEPARD ALGORITHMS£���y{p.p:e�x¯kmy�qtoÄ~�eMpmxzimy��JeMp\kv��e¾qjimy��ty�oChj�9w1��eMfCh}i,~�h}�{�jqj�
imy�kv��l�¬��OkAhj�{pvq¢f�imeMpvego/kmp�km��e�º/uCht~�imh}kvy�x}�Cxgu���y�x}�^h}oC~��{y{o�eMhji
��hjivy�h�kmy�qtoCp�q}r&kv��e�w1�CegfChjim~�h}�{�jqtivy�kv��l�¬

3.1 Original Shepard AlgorithmèBq�xghj�;lnezkv�Cq1~Cp.hjive�h}k:kvi,hjxzkvy{�je�r®qtiÎ�jeMiv�"�{hjiv�te�~�h�k,h
pvezk,p��JeMxghjuCpve¥kv��e|y{o/kveMivfJqj��h�kmy�qto�qti;h}f�fCivqb¦�y{lnh}kvy{qjo�h�k#hjo/�
fJqjy{o/k�xghjo	�Je;hjx,�Cy�eM�jeM~X�1��xzqtoCpvy{~�eMivy{o��¥qjoC����h¥�{q�xghj��p:u��Ep:egk
qjr kv�Ce	~�h}kmhC¬¥�¾h}o1����q�xghj�Ãlnegkv��q�~�p2xMh}o��Je	x,�Eh}i,hjx¯kmegimy�ÒMeM~
htp�±0eMy��t�tkmeM~.p:u�l¢p�qjrÃ�{q1xMh}�Th}fCf�ivqb¦�y{l¢h�kvy{qjoEp0ô(õ�»®ö^Á¯�E±���egime
km��e¢±�egy{�j�/kmp|÷ õ »¼öJÁAr®qtivlÍh�fEh}ivkvy�kvy{qjoq}r�u�o�y�k4�j¬\�@oÊqji,~�eMi
r®qtiAkv��enq��jeMimhj���Ãlnezkv�Cq1~¾kvq��Jen��q�xghj�Â�Ty�k2y{pAo�e�xze�pvpmh}im��kv�Ch}k
km��e°±�egy{�j�/k�r®uCoCx¯kmy�qtoCp¾�Ehb�je+�{q1xMh}�	p:u�fCfEqti:k��|kv�Eh�k�y�pM���Je
oCqjo�ÒMegimqXq��tegi�hn�Eqtu�oC~�e�~�iveM�jy{qjoB��qti;h�k;hn��y{lny¹kmeM~�o1u�l��Jegi
qjrÃkm��e|~�h}kmh	fEqty�o/k,pg¬

£���eßqjimy��ty�oEh}�È�j�{qj�Chj�Èy�o1�jeMimpve×~�y{p:kmhjoCxzeß±�egy{�j�/kmeM~
y{o/kveMivfJqj��h�kmy�qto²l	egkv��q�~Dy{p~�u�e°kvq7w���egfChjim~àâ��M©t�jÀ}å�¬øµ#���
lnegkv��q�~�p9q}r�km��y{p#k4�1fEeXl¢hb�.�Je��1y{eg±�eM~Qhjp#�jeMo�egi,h}�{y�Ò�h�kmy�qtoCp
qjr�w���egfChjim~B p�lnezkm��q�~T¬

èBezk°ù�Úî~�egoCq}kve Ø �O~�y�lnegoEp:y{qjoChj�\´ uCxg��y�~�e�h}oËp:fChtxzet�
öÈú »¼ö^û}ügýgýMýgüvö Ú Á�þ²ù|Ú��"h}oC~Õr®qti�imeMhj��ÿÝ��egk7ÿ��«ú
l¢h}¦��b��üvÿ��t¬£���e�pmxgh}k:kmegimeM~Ç~�h}kmh¾y�o/kveMivfJqj��h�kmy�qtoÇf�imqj���{egl
xMh}o��Ee|~�e ¸ o�e�~�hjp����jy{�jego�hnp:egk;q}r&y�imiveM�ju���h}im�{�\~�y{p:kvimy{��u�kve�~
fJqjy{o/kmpÎö	��
�2þÇù|ÚX���;ú«�t�|ýgýMýz�����;hjoC~Äpmxgh}��h}iÎ�bhj��uCeMp�� 
htpvpvq�xzy�h�kmeM~Ð±�y¹km��eMhtx,��fEqty�o/k.pmh�kmy{p:r®�1y�o���� 
 ú����®ö���
����Qr®qtipvqjlneÐu�oC~�eMiv�{�1y�oC��r®uCoCx¯kmy�qto����Ãù|Ú��Ôù¢�¢�{q1qj�Èr®qtiÊhjo
y{o/kveMivfJqj��h�kmy�o��År®uCoCx¯kmy�qto���! "��pvuCx,�7kv�Eh�k#�� � ö	�
�� � ú"� 
 ¬µ9pvpvu�lne¢km�Ch�k	eg�jeMiv� Ø �@pvy�lnf��{ez¦r®qjimlneM~r®imqjlìkv��e.fEqty�o/kmp
ö���
�0y�p�o�qtoC~�eg�tego�eMimh}kven»®�Chtp;h	o�qjoCeglnf�k4�\y{o/kvegimy{qji¯Á¯¬

d#e ¸ o�e|h}o�h}fCf�ivqb¦�y{l¢h�kvy{qjoÎkvq$�(»¼öJÁ��1�
��&»®ö^Á�ú %&õ('Ãû ÷ õ »¼öJÁ)� õ%&
 'Ãû ÷ 
 »®öJÁ ü

±��CegimeQkv��e±�egy{�j�/k\r®u�oCxzkvy{qjoCp�÷ õ »®ö^ÁÎhjive¾~�e ¸ o�e�~Äy{o�kv�Ce
qtivy{�jy{oChj�Tw���egfChjim~�h}�{�jqtivy�kv�Clªhjp

÷ õ »®öJÁ�ú �** ö$+�ö � õ � **-,, ý³;q�±�eg�jeMiM�tkv�Cy{p0r®qjimlàq}r�kv��eA±0eMy��t�/k�r®u�oCxzkvy{qjoCp�htxgxgqji,~�p
kmq1q#l�uEx,�2y�o�íEu�egoCxge�kmq9~�h}kmh�fJqjy{o/kmp�kv�Ch}k&hjive�r¼hji&hb±�hb��r®imqjl
km��e�fEqty�o/k¢q}r¥h}f�fCivqb¦�y{lnh}kvy{qjo°hjoC~"lnhb�+�JeQu�oChtxgxgegf�k,h}���{e
y{oQp:qtlne¥xMhjpveMpM¬

3.2 Modified ShepardAlgorithm¶�i,h}o��te0h}oE~�ê;y{eg��pvqjoÎâ��M©tÀj��å1~�eg�teg�{qjfJeM~Xh;lnq�~�y ¸ xgh�kmy�qto
km�Ch�k eM��y{lny�oEh�kve�p&kv��e;~�e ¸ xgy�eMoCxzy{eMp(qjrEkm��e�qjimy��ty�oEh}��w1��eMfCh}i,~T p
lnegkv��q�~T¬Î£��Ceg��lnq�~�y ¸ eM~km��e¢±0eMy��t�/kAr®uCoCx¯kmy�qto+÷ õ »¼öJÁAkmq
�Ehb�je+�{q1xMh}�	p:u�fCfEqti:kÊh}oC~È��eMoCxze°kvqÄ�{q�xghj��y{Òge+km��e°q��tegi,h}�{�
hjf�f�imqb¦�y�l¢h�kmy�qtoB��h}oC~ÅimegfC�{htxzeM~.� õ ±�y¹km��hÇpvu�y¹k,h}���{e¾�{q�xghj�
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±���eMive�ô õ »®ö^Á(y{p�h¥��q�xghj��h}f�fCivqb¦�y{lnhjo/kÃkmq¥kv��e�r®u�oEx¯kvy{qjoJ�(»¼öJÁ
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ä�eMo���h�â¹��©jÀtÀjh�å2±�hjp�pvu��t�jeMp:kve�~7�/�È¶�i,h}oC�jeÇh}oE~7ê#y�eM�{pvqjo
â��M©jÀt��åBh}oE~Îy�p�q}rÃkv��e¥r®qtivl

÷ õ »®öJÁ0ú
KLM N Ù � õ �O +QP/õ�»¼öJÁ)R �

Ù � õ �O P1õ�»®ö^Á
SUTV , ü

±���eMiveWP õ »®ö^Á|ú ** ö$+�ö�� õ � ** , y{p�kv��e°´�uCxz�{y�~�eMhjoÈ~�y{p:kmhjoCxze
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~�h}kmh7h�kÊö	� õ ��qjoC���Èy{o�íCu�eMoCxze�pW�(»®öJÁ���h}�{u�e�p�±�y�kv�Cy�o�kv��y�p
i,hj~�y{uCpM¬

£���eMive�hjive�pveg�jeMimhj�1�bhjivy�h�kmy�qtoCp&q}rJkv��e�qtivy{�jy{oChj�Cw1��egfEh}i,~
h}�{�jqtivy�kv�Cl �EhjpveM~îqto�fJqj�{�1o�qjlny�h}�²h}oC~îkvimy��tqjo�qtlnezkvimy�x
r®u�oCxzkvy{qjoCp�r®qji;ô õ ¬

£���eÑfJqj�{�/oCqjlny{hj��r®uCoCx¯kmy�qtoïô(õßy�pª±�imy�k:kveMoÉhtpÖh
£&hb�/�{qjiXp:eMivy{eMp|hj�Eqtu�k|km��eÎfJqjy{o/kXö	� õ �¥±�y¹km�°xzqtoCp:kmh}o/k|kmegiml� õ ú²ô õ �¼ö�� õ �)�.h}oE~+xzq1e([\xzy{ego/k,p�x,��q/p:eMo�kmq¾lny{o�y�lny{ÒgeÎkv��e
±�egy{�j�/kve�~.pmº/uCh}ime9eMivimqji%\ ]^`_]ba^`ced 
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 � ö � õ �)� R �
Ù ��
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SUTV , ü
h}oE~.Ù � õ �j ë �X~�e ¸ o�y{o��¢h	imht~�y�uEp�hj�Eqtu�k�ö	� õ ��±�y�kv��y{o�±���y{x,�
~�h}kmhQy�p�uEp:e�~Êr®qji�kv��e.��e�hjp:kXpvº/uChjive�p ¸ k�¬�Ù O hjoC~ÇÙ j hjivekmhj�jeMo.�1�Î¶Cimhjo��je2h}oE~.ê#y�eM�{pvqjo+â��M©jÀt��åThjp

Ù O ú"k �ml Y O� ü Ù j únk �Jl Y j� ü
±���eMive k úÅl¢h}¦
po q ** ö ��
� +ö �rq�� ** , y�p�km��e�l¢h�¦�y�lXu�l�~�y{p:kmhjoCxze
�Jezk4±�egegoàhjo/��k4±0q²~�h}kmh7fEqty�o/k,pg�ÎhjoC~�Y O hjoC~�Y j hjive
h}im��y�kvi,h}im�+xzqjoEp4k,h}o/kmpM¬Ð£��Ce�xgqjoCp:kmhjo/kn��hj��u�e�pXr®qji\Ù O h}oC~
Ù j h}ime2h}f�f�imqjfCivy�h�kmeAhtpvpvu�lny�oC�Xu�oCy¹r®qtivlÜ~�h�k,h	~�egoCpvy¹k4�t¬

3.3 Quadratic Shepard Algorithm for 2D dataá w�³9´����}dÕ»¼º/uCht~�imh}kvy�x¢w1��egfEh}i,~�hj���tqjimy¹km��lÕr®qji¥k4±�q}�
~�y{lnegoCpvy�qtoCh}� ~Ch�kmh/Á¯�By�p2£#½A�¾wµ;�{�jqtivy�kv�ClÍ�j�t�.~�eM�jeM��qtfEe�~
�1�ìä�eMo���h×â¹��©jÀjÀj��åO¬ £���e«p:uC��ivqtu�kvy{o�e á w�³9´��0�jdÛy�o
w�³9´����Tµ#s�¤ y�p�hÍ~�y�imeMxzk_¶Cqjivkvi,h}o ©t·Õkvi,h}oCpv�{h}kvy{qjoßqjr
ä�eMo���h� p�¶�qjivkvi,h}o�¨j¨�xzq�~�e2qjr�km��e|pvhjlneAoEh}lnej¬

£���e�fChjimhjl	egkveMimpmY j h}oE~sY O r®qji á w�³9´����}d¿±�egime
x,�CqtpvegoÄ�1�Äxzqtlnf�u�kvy{o��Åh}�{�Ak4±0eMotk4�/��r®qju�i�egimimqjiÎoCqjimlnp.r®qti
hj����fCh}i,h}lnezkmegi���h}�{u�eMp�Y j þÊâ ©Cüg����å�h}oE~�Y O þ+â¹�tüv§t��åO¬(£��Ceqtf�kvy{l¢h}�XfCh}y{i�q}r\fEh}i,h}lnezkmegiQ��h}�{u�eMp¾±�htp�r®qjuCoC~Èkvq��bhjiv�
±�y�~�eM���\±�y�kv�.kv�Ce¥x,�Cqjy�xze#qjrÃo�qtivl��/kve�p4k�r®u�oEx¯kvy{qjo���h}oC~�~�h�k,h
pvezk��0�Cu�kÎy{oÐe�hjx,�Åxghtp:et� kv�Ce�egimivqtino�qjiml¢pn�bhjiv�Çpvlnq1q}kv�C���
±�y�kv�tY j h}oC~uY O �¥�jeMo�egi,h}�{����y{oCxgive�hjpvy�o��Ðlnqjo�qjkvqto�y{xMh}�{���
hjoC~°pv�{q�±����Ê±�y�kv�Å~�y{p:kmhjoCxzeÎr®ivqtl×kv��e�qtf�kvy{l¢h}��fCh}y{iM¬Ç£��Ce
imeMxgqjlnlnegoC~�eM~\��hj��u�e9r®qji�Y j ú²��§�hjoC~¢km�Ch�k�r®qji�Y O ú_�M©C¬

3.4 Quadratic Shepard Algorithm for 3D dataá w�³#´0��§jd7»¼º/uCht~�i,h�kvy�x�w1��egfEh}i,~�h}�{�jqtivy�kv�Cl�r®qti&kv��imegeg�
~�y�lnegoEp:y{qjoChj� ~�h�k,htÁz�By{p2£#½A��w�µ#���tqjimy¹km��lÍ�t���n~�eg�teg�{qjfJeM~
�1�×ä�egoC�bhøâ¹��©jÀjÀtx¯åO¬ £���eÖp:u��Civqtu�kvy{o�e á w�³9´��0§jd y{o
w�³#´��0�Tµ#s�¤ y{p_hÌ~�y{ive�x¯kË¶�qjivkvi,h}o ©/·Ükvi,h}oEp:��h�kmy�qtoßq}r
ä;ego���h� p�¶�qti:kmimhjoQ¨t¨|xgq�~�e2q}rÃkv��e|pmh}lne¥oCh}lnet¬

£���e�fChjimhjl	egkveMimpmY j h}oE~sY O r®qji á w�³9´��0§jd¿±�egime
x,�CqtpvegoË�1��xzqtlnf�u�kvy{o��Dhj���Îk4±0eM���teÅegimivqti+o�qjiml¢pÊr®qji°hj���
fEh}i,h}lnezkmegi���hj��u�e�pvY j þÅâ¹�t�jüM�MÀ�å�h}oC~�Y O þÅâ ��üv§/·båO¬£��Ce
x,�Cqjy�xzeQq}r2qtf�kvy{l¢h}�;��h}�{u�e�y�p\�{eMpmp\xg��e�h}i¢km�Ch}o�y{oÅkv��e�k4±0qj�
~�y�lnegoEp:y{qjoChj�0xMhjpveÎ~�u�e.kvq�lnqtive.imhjf�y{~Ê��hjivy�h�kmy�qto+q}r#pvqjlne
qjr�km��e�eMivimqji�o�qtivl¢pÅ±�y�kv�#Y j ��h}�{u�eMpM¬ £��Ce²qjf�kmy�l¢h}�
i,h}oC�je|qjr fCh}i,h}lnezkmegi,p�±�hjp�r®qtu�oC~�kvqÎ�JevY j þÇâ��M§Cüg�M�}åÃhjoC~Y O þÊâ §C�jüm§t·båO¬
3.5 Quadratic Shepard Algorithm for higher di-

mensionaldataá w�³#´0�0·}dÌy{p.h+ºtuEhj~�i,h�kmy{x�w1�CegfChjim~Åµ;�{�jqtivy�kv�Clør®qti
�Cy��t��egi�~�y{lnegoCpvy{qjoChj��~�h�k,h²»®u�f7kmq ¸ �je+~�y{lnegoCpvy{qjoCp,Á¯¬ì�Ok
y�p£#½A�¾wÈµ;�{�jqtivy�kv��l ¨}©jÀ�~�eM�jeg�{qjfJeM~��/�È��egimiv�Ëâ��M©j©t©�åO¬
£��CeË¶Cqjivkvi,h}o×©t·ªfChjx,��hj�je_f�ivq��1y�~�eM~Í±�y¹km�Ñkv��y�p²fChjfEeMi
y�pÐh�~�y{ive�x¯k°kmimhjoCpv�{h}kvy{qjoàq}r¾��eMivim�^ p"s�ç2çÉxgq1~�ej¬ó£��Ce
�1y�p:uEh}�{y�Ò�h�kvy{qjonqjr^imeMpvu���kmp�uCp:y{o��|oCezkmxM~1r ¸ �{e�r®qjiml¢h�k��Ehb�je�o�qjk
�JegeMo�y�oCxgqjimfEqtimh}kve�~\y{o.km��e¥kvi,h}oEp:��h�kmy�qtoB¬

¶�qj�{�{q�±�y�o��°kv��eimeMxzqtlnl	eMoC~�h}kvy{qjo�q}r	ä�ego���h�â¹��©jÀjÀth�åO�
á w�³#´���·}dàx,��q1q/p:e�p¥fCh}i,h}lnezkmegi,p�Y j h}oC~QY O hjp¥r®qt���{q�±;pM¬
¶CqjiÅh}o�w��O~�y{lnegoCpvy{qjoChj�.�1�1fEeMiv�tqj�{u�lne�±�y�kv�xY �1o�q�±�o
oCq1~�eMpM�yY j ±�hjp�x,��q/p:eMo.htpwË»bwéçÇ§/Á

� z Y¾ô z l	y{o�»�·}��üEYx+"�bÁ¯ý
¶�qji0h}oJw��O~�y�lnegoEp:y{qjoChj���1�/fJegim�jqt��uCl	e�±�y�kv�JYÜ�1o�q�±�o

oCq1~�eMpM�yY O ±�hjp�x,��q/p:eMo�htp
� z Y�÷ z l	y{o�»�·}��üEYx+"�bÁ¯ý

3.6 Cubic Shepard Algorithm for two-dimensional
datas�w�³#´0�0�}dÍ»¼º/uChj~�imh}kvy�xnw���egfChjim~Êhj���tqjimy¹km��l¿r®qji|k4±0qj�

~�y�lnegoEp:y{qjoChj��~Ch�kmh/Á¯� y�p	£#½A�¾wÇhj���tqjimy¹km��lß¨}©j��~�eg�teg�{qjfJeM~
�1�×ä�egoC�bhøâ¹��©j©j©th�åO¬ £���eÖp:u��Civqtu�kvy{o�eÖs�w�³9´��0�jd y{o
w�³#´��0�Tµ#s�¤ y{p_hÌ~�y{ive�x¯kË¶�qjivkvi,h}o ©/·Ükvi,h}oEp:��h�kmy�qtoßq}r
ä;ego���h� p�¶�qti:kmimhjoQ¨t¨|xgq�~�e2q}rÃkv��e|pmh}lne¥oCh}lnet¬

£���e�fCh}i,h}lnegkvegi,pQY j hjoC~�Y O ±�egime�x,��qtpvego_uCpvy�oC�
ä;ego���h� pXive�xzqjlnlnegoE~�h�kmy�qtoÄâ¹��©jÀjÀth�åO¬¾£���e.qjf�kmy�l¢h}����h}�{u�eMp
±�egimeAr®qju�oE~Îkmqn�EegY j ú²��¨Xh}oC~{Y O ú�§j�C¬
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3.7 Linear Shepard Algorithm£���e²�Ehjpvy{pÅr®uCoCx¯kmy�qtoÌô õ »¼öJÁÅ±�hjpÐkm��eDxgqjoCp:kmhjotk|� õ
y{o�kv��eqjimy{�jy{oCh}�¥w1��egfEh}i,~�h}�{�jqjimy�kv��l��#hjoC~���h�kveMiÎ��h}imy�h}o/kmp
uCpveM~ hìº/uChj~�i,h�kmy{xªfEqt���1o�qtlny{hj�Â��hìxzu��Cy{xÖfEqt���1o�qtlny{hj�Â�
h}oE~Ðh+xgqtpvy�oCe.kmivy{�jqto�qjlnegkvimy{x�fJqj�{�/oCqjlny{hj�Â¬�£���eQf�imy�l¢h}im�
~�y�pvht~���h}o/kmhj�je�p�r®qji#��h}im�je|~Ch�kmhÎp:egkmp;y�p�km�Ch�k¥h\xzqtoCpvy{~�eMimhj���{e
h}lnqtu�o/k�qjr&fCiveMf�ivq�xgeMpmp:y{o���y�p�o�eMeM~�e�~.kvq¢~�ezkmegimlny�o�e|xg��q/p:e�p4k
fJqjy{otk,p°hjoC~àxghj�{xgu��{h}kve�km��eÄ�{q�xgh}��h}f�fCivqb¦�y{lnh}kvy{qjoB¬Û£���e
pveMxzqtoC~¢qtim~�eMi fJqj�{�/oCqjlny{hj�Elnq�~�eM�{p0�Chb�jeX» Ø ç�tÁz» Ø ç°��Á�}j�
xzq1eG[¢xgy�eMo/kmp&r®qji Ø ~�e�p:y{�jo	��h}imy{hj���{eMpM�bkv��eMivegr®qjime�km��e�o/uCl��Jegi
q}r�xgq1e([\xzy{ego/kmpÎr®qji�ô õ »®ö^Á\y�p.h}k.�{eMhtp4kÊ» Ø ç��jÁg» Ø ç7�bÁ�}}�
±���y�x,�Äy�pÎf�imqj�Cy���y�kvy{�je�r®qji�hÇf�imqj���{eglÓy{oÄ±���y�x,� Øòë2ë ·
h}oE~Èr®u�oCxzkvy{qjo���h}�{u�e�pZ� õ hjive°ez¦�fEeMoCpvy��tej¬ �OrÎô õ »¼öJÁ¾�Chjp
~�eM�jimege�PC�Ckv��e2o1u�lX�EeMi;q}r�xzq1eG[¢xgy�eMo/kmp�y�p � Ú ��~~ � ��imeMº/u�y{imy�o��
h�kÄ�{eMhtp4k�km�Ch�k�lnhjo1�Ö~�h}kmhËfJqjy{otk,pg¬ µ;��pvqËkv��e�uEp:e²qjr
l�uC�¹kmy���h}imy�h�kveªfEqt���1o�qtl	y�h}��p²r®qti�km��e«eg��hj��uCh}kvy{qjoßqjr�kv��e
o�q�~�hj�Er®uCoCx¯kmy�qtoCp���e�hj~�p�kmq�km��e¥��q/pvp�qjr�kv�CeAl¢hjy�o�hj~���hjotk,h}�te
q}r�w1�CegfChjim~T p�qtivy{�jy{oCh}��l	egkv��q�~T�JoChjl	eM���.y¹k,p;y{oC~�eMfEeMoC~�egoExze
y{o.km��e2eg��hj��uCh}kvy{qjo�f��Chtp:eAr®imqjlªpvfChjxge2~�y�lneMoCp:y{qjo�¬

£���y�pÎxgqjoCpvy�~�egi,h�kmy�qto"lnq}kmy���h}kveMp\kv��e�x,��qjy�xzeQqjr2ô õ »¼öJÁ
hjp���y{o�e�h}i��j±���y�x,�¢±0qtu���~nive�ºtuCy�ime���e�pvp r®u�oCxzkvy{qjo\��h}�{u�e�p�kvq��Ee
xzqtlnf�u�kve�~¾y{oqji,~�egiAkvqQxgqjoCp:kvimuCx¯kAkv�Ce¢��q�xghj�(��e�hjp:k2pmº/uCh}imeMp
¸ k�¬�£���e�imht~�y�yÃÙ O h}oC~�Ù j ��h}im�Î±�y�kv����h}oE~Qh}ime9k,h}�tego�kvq�Je
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±���eMive � »®öÃü)�}Á9y{p;kv��enxz�{qtpveM~��Chj���Ãq}r i,hj~�y{uCp��	±�y�kv�xzeMotkmegi
ö�¬
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4. SAMPLE FUNCTION RESULTS£�±0q¾xgqjo/kvy{o1u�qjuEpg�(f�y{eMxgeg±�y�p:eÎpvlnq1q}kv�ÇkveMp:k�r®uCoCx¯kmy�qtoCpg�
pvy{l	y{��h}i;kmq¢r®u�oCxzkvy{qjoCp#q�xgxzuCivy{o��\y{oQl¢h}o1��hjf�f��{y{xMh�kmy�qtoCpg�Jh}ime
uEp:e�~�kvqÎkveMp:k2h}oC~�xgqjlnfChjive2km��e¢w�³#´0���Tµ#s�¤_h}�{�jqjimy�kv��l¢pM¬
w�h}lnf��{e.imeMpvu���kmp	�Chb�je.�EeMegoÅxzqtl	fCy��{eM~Çr®qjinf�imqj���{egl¢p	±�y¹km�
~�y�lnegoEp:y{qjo Ø ú�����§��J·�¬
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Figure 1. Test Function
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Figure 2. Test Function
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4.1 TestProblemsFormulation£���e|kmeMp:k9r®u�oEx¯kvy{qjoEp¨� û h}oC~Z� , r®qti Ø ú7�\h}ime�pv��q�±�o
y{oQ¶&y��tu�ive�p¥�2h}oC~��Xive�p:fJeMxzkvy{�jeg�{�j¬

£���e¥r®u�oCxzkvy{qjo©�jû#y�o Ø ~�y�lnegoEp:y{qjoCp�y�p

�tû�»®ö^Á�ú«ª¬¬ ¬¬®
,Ú Ú&
 'Ãû ö 
 ü Ú&
 'Ãû ö 
 z Ú , �+ ,Ú Ú&
 'Ãû ö 
 ç°��ü Ú&
 'Ãû ö 
 ë Ú , �

±��Cy{x,���Chtp�kv��e2l¢h�¦�y{l�u�lx� û »¼ö ¯�Á ú²�2h}k Ú&
 'Ãû ö ¯
 ú Ú , ¬£���e¥r®u�oCxzkvy{qjo©� , y�o Ø ~�y�lnegoEp:y{qjoCp�y�p� , »¼öJÁ�ú���+ �
Ø

Ú\ 
 'Ãû � ö 
 +�Cý · � ü
±��Cy{x,�Ä�EhjpÎkv��el¢h�¦�y�lXu�l°� , »¼ö ¯MÁAúÖ��h�k�ö ¯
 ú_��ý ·���r®qti��úÈ� ýMýgý Ø ¬
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4.2 Evaluation of Accuracy£���e�kve�p4k7r®u�oCxzkvy{qjoÑ±�htp�pmh}lnf��{eM~Íh�k±�³²�i,h}oC~�qjl
»®uCo�y¹r®qtivln�{�.~�y�p:kvimy���u�kveM~EÁ�pvxMh�kvkvegimeM~.fJqjy{otk,p�q}rµ´²ú�â ��üM�zå Ú ¬
£���e\hjf�f�imqb¦1y{l¢h�kmy�qto¾egimimqjiA�Chjp2�JegeMo+x,�Ch}i,hjxzkvegimy{ÒgeM~�uCp:y{o��
k4±�q+egimivqti\lnezkvimy�xgpM¬È£��CeMpve¾h}ime�kv��e�l¢h�¦�y�lXu�léh}�Cpvqj�{u�kve
egimimqjiv¶ Ú ¡I· h}oE~+kv�Ce�imq1q}knlneMh}oÐpvº/uChjive�~+egimimqjiv¶-¸}¬"£���eh}�Ep:qt��u�kme2h}f�f�imqb¦�y�l¢h}kvy{qjoÎeMivimqji�y�p;~�e ¸ o�eM~�hjp¶ 
 ú � ��(»¼ö 
 Áe+Q�(»¼ö 
 Á � ü
±���eMive ��&»¼öJÁ°y{pÇkv��e�y�o/kveMivfJqj��h}o/k+r®u�oEx¯kvy{qjo��¦�(»¼öJÁÇy{pÇkv��e
kve�p4k	r®u�oCxzkvy{qjoB��h}oC~°ö 
 hjiveÎkv��e�fJqjy{otk,p	q}r9h ¸ o�e�u�o�y�r®qjiml� û¨� ýgýMý � � û �jimy{~0¹�º�â �Cý��tüv�Cý ©}å Ú xzq��tegimy�o��Îkv��en~�qtlnhjy�o´n¬ £���eAkmq}kmhj�Bo1u�l��Jegi�qjrÃ�tivy�~ÎfJqjy{o/kmp�y�p���ús�BÚû ¬

�9p:y{o���km��y�p�o�qjkmh}kvy{qjoB�(km��e.l¢h}¦1y{l�uCl×hj�Cpvqj�{u�kve\eMivimqji
y�p ¶ Ú ¡(· úélnh}¦ûI» 
 » % ¶ 
 ü
h}oE~\km��e2ivq1qjk�lne�h}oQpvº/uChjive�~\eMivimqji�y�p�~�e ¸ oCeM~�hjp

¶ ¸ ú ¼½½¾ %&
 'Ãû ¶ ,
� ý

4.3 Results£���y�p#pveMxzkvy{qjoQf�imeMpvego/k,p�kv�CeXh}fCf�ivqb¦�y{l¢h�kvy{qjo�egimimqji,p�r®qji
kv�Ce#�{y�o�e�h}i�w1��egfEh}i,~¢lnezkv�Cq1~B�/º/uCht~�imh}kvy�x#w1��eMfCh}i,~¢lnezkm��q�~T�
h}oE~Xxgu���y�x�w���egfChjim~Xlnezkm��q�~|r®qtiÃkm��e;pmh}lnf��{e�kmeMp:k�r®u�oCx¯kmy�qtoCp�jû}»®öJÁnhjoC~!� , »®ö^Á¯¬�£���e�imeMpvu��¹k,pXr®qji	k4±0qE� km��iveMej��h}oC~ ¸ �je
~�y{lnegoCpvy�qtoCh}�TfCivqt����eMl¢p�h}ime¥pvu�lnl¢h}imy�ÒMeM~T¬

4.3.1Two-dimensionaltest problem¶Cqji�kv�Ce2k4±0qj�O~�y�lnegoEp:y{qjoChj�JkveMp:k#f�imqj�C��eMln�³²Aú��}�����/���
�j�C�ÎÀj�C���M�t���\hjoC~���úÌ�b���t¬ £���e²�����ÐkveMp:k"pvy¹kmeMpÇhjive
fJqjy{otk,p�q}r�km��en�j� � �j�A�jimy{~J¹n¬ £��Ce¥hjf�f�imqb¦�y�l¢h�kmy�qto¢egimivqtimp
r®qji"kv�Ce7�{y{o�eMhjiÅw1�CegfChjim~àlnegkv��q�~Í»ÂèÃw�³9´���Á¯�¢º/uChj~�i,h�kmy{x
w1��eMfCh}i,~\lnegkv��q�~Ê» á w�³9´���Á¯��h}oC~�xzuC��y{x2w1�CegfChjim~.lnezkv�Cq1~
»�s�w�³#´���Á�±�egime|xgh}��xzuC�{h}kveM~�r®qti�kv�Ce|kve�p4k#r®u�oCx¯kmy�qtoCp¿�tû¥h}oC~� , hjoC~.hjive¥�{y{p:kve�~Îy{oQ£Ãhj���{e¢�j¬

£&h}���{eÊ�j¬Ð�@o/kvegimfJqj��h�kvy{qjo"egimivqtimp�r®qji	k4±�q}�@~�y{l	eMo��
pvy�qtoCh}�^kmeMp:k�r®u�oCxzkvy{qjoCp�� û hjoC~¦� , ¬�jû

LSHEP QSHEP CSHEP�³² ¶-¸ ¶ Ú ¡I· ¶À¸ ¶ Ú ¡I· ¶À¸ ¶ Ú ¡I·
20 5.65E-2 1.47E-1 5.29E-2 1.70E-1 5.04E-2 1.56E-1
40 4.77E-2 1.31E-1 3.02E-2 1.17E-1 2.97E-2 0.96E-1
60 4.56E-2 1.13E-1 1.93E-2 7.72E-2 1.89E-2 6.82E-2
80 4.18E-2 1.05E-1 1.47E-2 4.67E-2 1.18E-2 3.26E-2
100 3.14E-2 9.82E-2 1.33E-2 3.61E-2 1.19E-2 1.81E-2� ,
20 7.32E-2 2.30E-1 5.74E-2 1.77E-1 4.86E-2 1.61E-1
40 5.87E-2 2.28E-1 3.12E-2 1.14E-1 2.93E-2 0.94E-1
60 4.33E-2 1.28E-1 2.15E-2 7.46E-2 1.84E-2 6.38E-2
80 3.53E-2 1.23E-1 1.62E-2 6.40E-2 1.51E-2 4.28E-2
100 3.47E-2 1.01E-1 1.37E-2 5.10E-2 1.18E-2 3.93E-2

4.3.2Thr ee-dimensionaltest problem¶�qji�kv��e\kv��imegeg�O~�y{lnegoCpvy{qjoChj��kve�p4k	f�ivqt���{eglÁ�³²�ú_���j�C�
�j�j�C�B§j�j�C�B�t�t����·j�j���Ãh}oC~0�ú��M§t§��t¬	£���eQ��§j§C�|kve�p4k�pvy�kveMp
hjive0fEqty�o/k,pÃqjr�kv�CeA�t� � �t� � �j���tivy�~Â¹n¬(£���e�h}f�fCivqb¦�y{lnh}kvy{qjo
eMivimqji,p¾r®qjikv��e��{y{o�eMhji+w���egfChjim~�lnezkm��q�~Ö»ÂèÃw�³9´��0ÁhjoC~
º/uCht~�i,h�kvy�x�w���egfChjim~Äl	egkv��q�~_» á w�³9´���Á\±�egime�xMh}��xzu���h�kmeM~
r®qti;km��e2kve�p4k#r®u�oCx¯kmy�qtoCpÃ� û h}oE~©� , h}oE~Qh}ime2��y�p4kmeM~�y{o�£Ãhj���{e��¬

£Ãhj����e	��¬��@o/kvegimfJqj��h�kvy{qjo�eMivimqji,p�r®qji�km��imegez�@~�y{lnego��
p:y{qjoChj�^kve�p4k�r®u�oEx¯kvy{qjoEp�� û h}oC~¦� , ¬

LSHEP QSHEP�³² ¶À¸ ¶ Ú ¡I· ¶-¸ ¶ Ú ¡I·
100 4.25E-2 1.37E-1 2.77E-2 1.06E-1
200 4.12E-2 1.36E-1 2.13E-2 9.95E-2� û
300 3.38E-2 1.28E-1 1.81E-2 9.74E-2
400 3.14E-2 1.20E-1 1.55E-2 9.21E-2
500 2.46E-2 1.03E-1 1.21E-2 8.35E-2

100 5.56E-2 1.69E-1 2.96E-2 1.24E-1
200 3.77E-2 1.29E-1 2.04E-2 1.03E-1� , 300 3.65E-2 1.17E-1 1.82E-2 9.40E-2
400 3.14E-2 1.02E-1 1.59E-2 7.46E-2
500 2.83E-2 9.51E-2 1.26E-2 5.44E-2

4.3.3Five-dimensionaltest problem¶�qji�kv��e ¸ �jeg�O~�y{lnegoCpvy{qjoChj�2kve�p4k¾fCivqt����eMlÄ�³².úÜ���j�C�
�j�j�C�|�t�t����Àt�j���¢���j�t����hjoC~±��ú«§��b�j·�¬ £��Ce"§��b�j·"kmeMp:k
pvy�kveMpnhjive�fEqty�o/k,pnq}r;km��e�· � · � · � · � ·��jimy�~�¹n¬"£��Ce
hjf�f�imqb¦�y�l¢h�kmy�qto²egimivqtimp�r®qji�kv��eÐ�{y�o�e�h}i+w1��eMfCh}i,~�lnezkm��q�~
»ÂèÃw�³9´���Á"hjoC~ÜºtuEhj~�i,h�kmy{x²w1��eMfCh}i,~Öl	egkv��q�~Ñ» á w�³9´���Á
±�egime9xMh}��xzu���h�kmeM~nr®qti�km��e9kveMp:k�r®uCoCx¯kmy�qtoCp�� û hjoC~$� , h}oE~\h}ime�{y�p4kmeM~�y�oQ£&h}���{e2§�¬

£Ãhj����eQ§C¬��@otkmegimfEqt�{h}kvy{qjoÐegimivqtimpXr®qti ¸ �jeg�O~�y{lnego��
p:y{qjoChj�^kve�p4k�r®u�oEx¯kvy{qjoEp�� û h}oC~¦� , ¬

LSHEP QSHEP�³² ¶À¸ ¶ Ú ¡I· ¶À¸ ¶ Ú ¡I·
100 5.89E-2 1.79E-1 3.52E-2 1.51E-1
200 5.34E-2 1.72E-1 3.39E-2 1.47E-1� û
400 5.16E-2 1.68E-1 3.31E-2 1.41E-1
800 4.53E-2 1.51E-1 3.13E-2 1.37E-1

1600 3.96E-2 1.38E-1 2.01E-2 1.26E-1

100 6.03E-2 2.02E-1 5.82E-2 1.95E-1
200 5.44E-2 1.93E-1 5.04E-2 1.86E-1� , 400 5.01E-2 1.81E-1 4.73E-2 1.73E-1
800 4.63E-2 1.73E-1 4.49E-2 1.68E-1

1600 3.99E-2 1.66E-1 3.63E-2 1.59E-1

5. CONCLUSIONS£���e�imeMpvu��¹k,pÎpvu�lnl¢h}imy�ÒMeM~Ðy�o�£Ãhj����e�p��g�O�Êpv��q�±Ükv�Ch}k
km��eÈfEeMi:r®qtivl¢hjoCxze�q}r¾km��e²xzu��Cy{x²w1��eMfCh}i,~ªhj���tqjimy¹km��lÛy{p
�JezkvkveMi¾km�Ch}o²km��eÅºtuEhj~�i,h�kmy{x°w���egfChjim~²hj���tqjimy¹km��l��|±���y�x,�
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y{o�kmu�imo7y�pQ�Jezkvkvegi�kv�Chjo�km��e+�{y�o�e�h}i¾w1�CegfChjim~7h}�{�jqtivy�kv��l�¬
³;q�±�eg�tegi��bkv��e#��y{o�eMhji0w1��eMfCh}i,~nh}�{�jqtivy�kv��lD�jy{�jeMp(imeMhtp:qtoCh}�C���
�jq1q�~ìeMp:kvy{lnh}kve�p²h}oC~ìy¹k,pÈfEeMi:r®qtivl¢hjoCxze_y{pDxzqjlnfChjimhj���{e
kvqªkv��e�q}km��egiÈh}�{�jqtivy�kv��l¢pM¬ £���e�ht~���h}o/kmhj�je�qjr+uCp:y{o��
kv�Ce���y{o�e�h}iÎw1��eMfCh}i,~Åh}�{�jqtivy�kv��lø�Ee�xzqjlne�p¢lnqjime�hjf�fChjiveMotk
hjp¾kv�CeÅ~�y�lnegoEp:y{qjo Ø y{oCxgive�hjpveMpM¬Ó�Or�ô õ »¼öJÁ�Chtp�~�eg�jimegePE�nkv��eÅo1u�l��JegiÊqjr�xzq1eG[¢xgy�eMo/kmpy{p � Ú ��~~ � �¢imeMº/u�y{imy�o��7h�k
�{eMhjp:k\km�Ch�k�l¢h}o1�Ð~Ch�kmhÇfEqty�o/kmpM¬�£��Cy{p.y{p.h°pvu��Cp:kmhjotkmy{hj���{�
��y{�j�tegi�o1u�l��Jegi�y{o���y{�j�CegiQ~�y{l	eMoCpvy�qtoCp�r®qji���y{�j��eMi�qji,~�egi
fJqj�{�/oCqjlny{hj�{pM¬ �@oÕ��y{�j��eMiÄ~�y{l	eMoCpvy�qtoCpg��y¹k�y{pÅkm��egimezr®qtive
~�e�p:y{imhj���{e�kmqàuCp:e7km��eÈ��y{o�eMhji�w1��eMfCh}i,~Öhj���tqjimy¹km��l�¬ �@o
�1y�eM±îq}rQkm��y�pÐxgqjoCpvy�~�egi,h�kmy�qtoB�.qto��{�Ëkv��e7��y{o�e�h}i�w1��egfEh}i,~
lnezkm��q�~Ç»¼è&w�³#´0�0Á�y{o�w�³9´����Tµ#s�¤Dy{pAh}fCf���y�xghj���{e¥kvq.~Ch�kmh
y{o�hjiv�Cy¹kmimhjiv�¢~�y{lnegoCpvy�qto ØÌë ·�¬

w�³9´��0�Tµ#s�¤Ïy{p+hÈpvy�oC�j�{eÐxgqjoCpvy{p:kveMo/kÊfEhjx,��h}�teÐxgqjo��
kmhjy�oCy�o���h}�{� ez¦�y�p4kmy�o��¾fEqt���1o�qtl	y�h}���bhjivy�h�kmy�qtoCp2qjr;w���egfChjim~B p
h}�{�jqtivy�kv�Cl�¬��#pvy{o���w�³9´����Tµ#s�¤n��ive�p:e�h}i,x,��egi,p¥xgh}o+eg¦�fEeMi:�
y{l	eMo/k�±�y�kv��qjo�e�qjiÎlnqtiveh}�{�jqjimy�kv��l¢p\uEp:y{o��Çkm��egy{iQ~�h�k,h�¬
µ�rÞkmegi0qj��k,h}y{o�y�oC�2y�o/kveMivfJqj��h�kmy�qtoXimeMpvu���kmp(r®imqjlËw�³#´0���Tµ#s�¤n�
imeMpveMh}i,x,��eMimp�xghjoQl¢h}�jeXh}oQy{o�r®qjimlneM~Q~�e�xzy�p:y{qjo�htp�kvqÎ±���y{x,�
h}�{�jqtivy�kv�ClÝy�p°�JeMp:kÐpvu�y�kve�~ËkvqDkv��eMy�iÐo�ege�~�p°r®qji"hD�jy{�jeMo
~�h}kmhjpvezk�¬
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